



ELSEVIER Topology and its Applications 74 (1996) 61-72 
Some remarks on Doitchinov completeness 
Hans-Peter A. Kiinzi a,,, Salvador Romaguera b,1 
a Department q["Mathematics, University ~¢f" Berne, Sidlerstrasse 5, CH-3012 Berne, Switzerland 
b Escuela de Caminos, Dpto. Matemdtica Aplicada, Universidad Polit~cnica, 46071 Valencia, Spain 
Received 31 March 1995; revised 21 July 1995 
Abstract  
We observe that the well-monotone (open covering) quasiuniformity of each topological space 
is left K-complete. On the other hand, we exhibit an example of a topological space the fine 
quasiuniformity of which is not D-complete. The semicontinuous quasiuniformity of a countably 
metacompact space X is shown to be D-complete if and only if X is closed-complete. Moreover 
it is proved that the well-monotone quasiuniformity of a ccc regular space X is D-complete if and 
only if X is almost realcompact. 
We also note that a metrizable space admits a D-complete quasimetric f and only if it is an F~-  
set in every metric space in which it is embedded. Each (Tychonoff) (~ech complete quasimetrizable 
space is shown to admit a left K-complete quasimetric. 
Keywords: Left K-completeness; D-completeness; Convergence completeness; Absolute 
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1. I n t roduct ion  
A quasiuniformity on a set X is a filter L¢ on X × X such that (a) each member of H 
is a reflexive relation on X, and (b) if U E/,4 then V o V C_ U for some V E H. The 
pair (X,H) is called a quasiuniform space. The topology 7-(H) = {G _ X: for each 
x E G there is U E H with U(z)  C_ G} is called the topology induced by U on X. (Here 
U(x) = {y E X: (x, y) E U}.) a topological space (X, 7") admits H provided that 7" 
is the topology induced by U on X. 
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Let us note that for any quasiuniformity/.4 on X, the filter ~/--1 = {u- l :  U E ~/} is 
also a quasiuniformity on X. (Of course, U -1 = {(z,y) E X × X: (y,x) E U}.) 
A filter 5 r on (X,H) is called a Cauchyfilter [10, p. 7] provided that for each U E ?.4 
there exists p E X so that U(p) E .T, and (X, L4) is said to be convergence omplete 
[10, p. 50] provided that every Cauchy filter converges. A filter G on a quasiuniform 
space (X,/g) is called D-Cauchy (compare [2]) provided that it possesses a co-filter ~r 
on (X, H) (i.e., there is a filter b r on X such that for any U E H there are F E 5 r and 
G E G such that F × G c U. We then write (b r ,  ~) --+ 0.) A quasiuniform space is called 
D-complete (or Doitchinov complete; compare [2]) provided that each D-Cauchy filter 
converges. Note that since each D-Cauchy filter on a quasiuniform space is a Cauchy 
filter, each convergence omplete quasiuniform space is D-complete. 
It is known that there are regular spaces the fine quasiuniformity of which is not 
convergence omplete [6,7]. In Section 2 we shall show that there are even such spaces 
whose finest compatible quasiuniformity is not D-complete. On the other hand we shall 
prove that the fine quasiuniformity of each topological space is left K-complete. The 
latter completeness property of quasiuniform spaces was introduced and studied by the 
second author in [29] (see also [21,31]). 
In Section 3 we determine conditions under which topological spaces possess a D- 
complete semicontinuous quasiuniformity (a D-complete well-monotone quasiuniformity, 
respectively). In particular we prove that the well-monotone quasiuniformity of any reg- 
ular almost realcompact space is D-complete and that each topological space satisfying 
the countable chain condition and having a D-complete well-monotone quasiuniformity 
is almost realcompact. A topological space is shown to be closed-complete if it possesses 
a D-complete semicontinuous quasiuniformity; we also observe that the converse obtains 
in countably metacompact spaces. 
In Section 4 we characterize the metrizable spaces that admit D-complete quasimetrics. 
It is verified that a metrizable space admits a D-complete quasimetric if and only if it 
is an F~a-set in each metric space in which it is embedded. Finally, we show that each 
(Tychonoff) Cech complete quasimetrizable space admits a left K-complete quasimetric 
and we exhibit an example of a left K-complete quasimetric space that does not admit 
any sequentially complete quasimetric. 
We refer the reader to [10] for additional informations about quasiuniform spaces. 
2. Left K-completeness and D-completeness of the fine quasiuniformity 
A filter .T on a quasiuniform space (X,U) is called left K-Cauchy [29] provided 
that for each U E U there is an F E )r such that U(x) E ~" whenever z E F. 
A quasiuniform space is said to be left K-complete [29] if each left K-Cauchy filter 
converges. Obviously each left K-Cauchy filter on a quasiuniform space is Cauchy and 
hence each convergence omplete quasiuniform space is left K-complete. The following 
functorial quasiuniformity for topological spaces was introduced in [17]. A family of 
subsets ~ of a topological space X is called well-monotone provided that the partial 
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order ___ of set inclusion is a well-order on 7-/. The compatible quasiuniformity IV on a 
topological space X which has as a subbase the set of all binary relations of the form 
T = U{{x} x (N{G: x E G E 7/}): z E X} where 7-/is a well-monotone open cover 
of X is called the well-monotone (open covering) quasiuniformity of X. 
Let us also recall that a quasiuniform space (X,/g) is said to be bicomplete [10, p. 60] 
provided that the uniformity/,/* = sup{L/,/A -1} is complete. It is known that the well- 
monotone quasiuniformity of a topological space is bicomplete if and only if the space 
is quasi-sober [5, Proposition 4]. 
Proposition 1. The well-monotone quasiuniformity of each topological space is left K- 
complete. 
Proof. The well-monotone quasiuniformity IV of an arbitrary topological space X has 
the property that IV-I is hereditarily precompact (see [22, Corollary 8]). Hence the 
topological quasiuniforrn space (X, IV, "/-(142)) is S-completable [21, Example 6]. It 
follows that the set of the left K-Cauchy filters on (X, 14)) coincides with the set of the 
Cauchy filters on (X, 142") (see the discussion following [21, Proposition 11]). Therefore, 
for any left K-Cauchy filter ~- on (X, IV), the set adh .T" of its cluster points belongs to 
~" according to [5, Proposition l(a)]. Since each left K-Cauchy filter converges to any 
of its cluster points, we conclude that (X, IV) is left K-complete. 
Corollary 1. The fine quasiuniformity of each topological space is left K-complete. 
Example 1. The fine quasiuniformity of a (almost 2-fully) normal Hausdorff space need 
not be D-complete; (the space considered is, e.g., described in [3,6,20,26]): 
There is an ordinal # (of uncountable cofinality) with the property that there exists a 
sequence (As)s<u of infinite subsets of the set ¢o of natural numbers uch that: 
(i) if o~ < /3 < #, then As C* A~ (i.e., AO \ As is infinite and As \ AZ is finite), 
and 
(ii) there is no infinite subset M of co such that, for each c~ < #, As C* M C* co. 
On the set X = p U co (where /z is considered to be disjoint from co) a topology is 
defined as follows: Points of co are isolated. If 0 ~/3 < c~ < # and F is a finite subset 
of w, set U(a,/3, F) =]/3, a] U ((As \ A~) \ F), and if a = 0,/3 E # and F is a finite 
subset of w, set U(0,/3, F) = {0} U (A0 \ F). For each a E /z, U(ct,/3, F) is a basic 
neighborhood of a. 
Let .T = fil{(co \ As) \ F: a E Iz and F is a finite subset of co}. Clearly the filter 
.T on X has no cluster point in X. Set ~ = fil{F C/z: F is closed and unbounded in 
the subspace/z of X}. Obviously ~ is a well-defined filter on X. We want to show that 
(~, .T') --+ 0 with respect o the fine quasiuniformity 5t'zN'g of X. Let V E 5cZA/'E. 
Choose W E J:ZN'g such that W 3 C V. For each x E /~ find /3~ and F~ such that 
U(x,/3~, F~) C W(z). Then x ~-+ 13~, where x E #, defines a regressive function on lZ. 
Since the cofinality of # is uncountable, there exists/3 </L such that {3' E/z: /3.~ </3} is 
cofinal in # (see, e.g., [25, p. 153]). Hence there are a cofinal subset S of p and a finite 
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subset F of w such that for each x E S, we have that fl < x and ]fl, x] U ((A~ \ A~) \ F)  
is a subset of U(x, fix, F~). Furthermore, by condition (ii), there is a finite set E C_ w 
such that U~s  Az = w \ E. Set D = w \ (A~ U F O E). For any n E D choose s,~ E S 
such that n E As~. Let t = sup{sn: n E D} and H = {s E S: s > t}. Note that for 
any s E H and any n E D we have that s~ E ]fl, s] C_ W(s)  and thus 
n E (As, \ A n) \ F c_ W(s,~) G W2(s). 
It follows that H x D c W 2 and H x D G W 3 C_ V. Consequently (6, or) --+ 0. We 
conclude that the quasiuniformity orZ.hfE is not D-complete. 
Problem. Find a regular topological space the fine quasiuniformity of which is D- 
complete, but not convergence omplete. 
Observe that the Tl-space X considered in [10, Example 3.27] does not admit a 
convergence complete quasiuniformity, although its semicontinuous (and thus its fine) 
quasiuniformity is D-complete by Corollary 4 below, since X is clearly developable. 
3. D-completeness of the well-monotone and the semicontinuous quasiuniformities 
Let us first note that since the well-monotone quasiuniformity W of a topological space 
has the property that )42 -1 is hereditarily precompact, the D-Cauchy filters coincide with 
the Cauchy filters on (X, W); hence W is D-complete if and only if it is convergence 
complete (see [22, Corollary 5 and Proposition 9]). 
Recall also that a topological space X is called almost realcompact (compare [4]) if 
each maximal open filter or on X without cluster point has a countable subcollection 
or~ such that 0{F :  F E or~} = 0. Similarly, a topological space X is called closed 
complete (compare [4]) if each maximal closed filter or on X without cluster point has a 
countable subcollection 7 such that N{F: F E ) r '} = 0. It is known that each regular 
almost realcompact space is closed-complete [4,Theorem 1.6]. 
As usual, a topological space is said to satisfy the countable chain condition (ccc) 
provided that each collection of pairwise disjoint nonempty open sets is countable. 
Proposition 2. The well-monotone quasiuniformity W of a regular almost realcompact 
space X is convergence complete. 
Proof. Let or be a Cauchy filter with respect o W on X and let G be a maximal 
open filter on X containing all open members of .T. Then 6 = {G: G E 6} has the 
countable intersection property, since otherwise there is {Gn: n E a;} C_ ~ such that 
{X \ [")k=0'z --Gk: n E w} is a well-monotone open cover of X no member of which 
belongs to ~; this however is impossible, because .T is a Cauchy filter on (X, W). 
By almost realcompactness, we conclude that 6 has a cluster point x. Then x is a 
cluster point of or, because X is regular. Since the well-monotone quasiuniformity of a 
regular space is locally symmetric [10, §2.24], the filter or converges to x [10, Proposition 
3.9]. Thus (X, W) is convergence omplete. 
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Proposition 3. Each topological space X satisfying the countable chain condition and 
having a convergence complete well-monotone quasiuniformity ~/V is almost realcompact. 
Proof. Suppose that G is a maximal open filter on X such that ~ = {9: G E G} has the 
countable intersection property. Let M E W. There are n E w \ {0} and, for each i E n, 
a well-monotone open cover Ci of X such that for the entourages Ti associated with Ci 
we have that Mien T~ C M. For each cover C~ we find an ordinal c~i and a countable 
collection A~i of open sets of X in the following way (to simplify the notation we omit 
the index i in the next paragraphs): 
Suppose that the well-monotone open cover C has the form {G~: /3 < ~} (where we 
can assume that Go = 0) and that T is the entourage of W associated with C. Since X 
is weakly Lindel6f, there is a countable subcollection (Gz~" j E ~o} of C whose union is
dense in X. If sup{/3j: j E w} = ,k, then U~G~j: j ~ aJ} = X; thus there is G~ E 
for some j E w, because ~ has the countable intersection property and G is maximal. 
Otherwise choose/3 such that sup{/3j: j E w} ~< /3 < ),; then G----~ = X and thus G~ E ~. 
In either case ~ M C ~ 0. Let c~ be the minimal/3 < A such that Gt~ E ~. Observe that 
a ~ 0. We distinguish three cases: 
(1) Suppose that a is a successor ordinal. Then set A4 = {G~_I}. 
(2) If a is a limit ordinal and U~<~ G~ E ~, then set .M = {G~: /3 E A} where A 
is a coftnal subset of a. Without loss of generality we can suppose that A is countable: 
Assume the contrary. Since X has the ccc, we find a countable collection {G~j : j E w} 
such that/3j < c~ whenever j E w and U~<~ G~ c_ LJjE~ G~j [15, Proposition 3.4]. By 
our assumption, there is 7o < a such that sup{/3j: j E ~o} ~< 3'o. Then U~<~ G~ c_ G.y 0. 
Since U~<~ Ga E ~, we see that G.r0 E ~. This however contradicts the minimality of 
c~. We conclude therefore that a has countable cofinality. 
(3) Finally if a is a limit ordinal and U~<= G~ ~ G, then set .M = {U;~<,~ G }. 
We observe that, in each case, .M r-] ~ = 0 and x E X \ U .hi implies that T(x) E G. 
We shall now continue the proof, assuming that for each i E n we have determined a~ 
and A.'[i in the way explained above. Note that if Ui~,~(U A,'[i) = X, then X is written 
as the union of countably many open sets none of which belongs to ~. That contradicts 
our assumptions that ~ has the countable intersection property and ~ is maximal. Thus 
there is x E X \ U~en(U./k4~). It follows that T~(x) E 9 whenever i E n. Consequently 
M(x) E ~. We conclude that ~ is a Cauchy filter. Since (X,)/V) is convergence omplete, 
the filter ~ converges. We have shown that X is almost realcompact. 
Corollary 2. The well-monotone quasiuniformity ofa ccc regular space X is D-complete 
if and only if X is almost realcompact. 
Problem, Characterize those topological spaces the well-monotone quasiuniformity of
which is D-complete. 
Let £ be the quasiuniformity on the set R of real numbers generated by the base 
{Q~: e > 0} where Q~ --- {(x,y) E ]~x~:  x -y  < e} whenever¢ > 0. By deft- 
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nition, the semicontinuous quasiuniformity SC of a topological space X [10, p. 32] is 
the coarsest quasiuniformity on X for which each continuous function f : X --+ (lI~, 12) is 
quasiuniformly continuous. In our context a different description of SC seems to be more 
convenient. Recall that an open spectrum .A in a topological space X (see [10, p. 33]) 
is a family {An: n E Z} of open sets of X (indexed by the set Z of integers) such t at 
for each n E Z we have An C_ An+l, N{An: n E Z} = 0 and U{A,~: n E Z} = X. 
We will say that UA = U{(An \ An- l )  × A,~: n E Z} is the neighbornet associated 
with the open spectrum ~A in X. It is known that the semicontinuous quasiuniformity 
SC of a topological space X is the (compatible) quasiuniformity on X generated by 
all neighbornets associated with open spectra in X (see [10, Theorem 2.12]). It follows 
from [8, Corollary to Theorem 5.1] that the semicontinuous quasiuniformity of a regular 
space X is convergence complete if and only if X is almost realcompact (compare [7, 
Proposition 2.2]). 
Proposition 4. Suppose that the semicontinuous quasiuniformity SC of a topological 
space X is D-complete or left K-complete. Then X is closed-complete. 
Proof. Let jr  be a maximal closed filter on X with the countable intersection property 
and let ~ be the filter generated by the filter-base 5t- on X. It follows from [5, Proof of 
Proposition 9] that ~ is a Cauchy filter on (X, SC*) and, thus, a D-Cauchy filter and a 
left K-Cauchy filter on (X, SC). Therefore ~ converges in X, since SC is D-complete 
or left K-complete. We conclude that X is closed-complete. 
Proposition 5. The semicontinuous quasiuniformity SC of each countably metacompact 
closed-complete space X is D-complete. 
Proof. Let ~T and ~ be two filters on the space X such that (.T, ~) --+ 0 with respect 
to SC. Without loss of generality we can suppose that Jr is a maximal closed filter 
on X. Assume that Jr has a countable decreasing subcollection {F : n E c¢} such 
that N{Fn: n E w} = 0. By countable metacompactness [16] there is a decreasing 
sequence {Gn: n E w} of open sets such that Fn C Gn whenever n E w and such 
that f']{Gn: n E w} = 0. Let T be the entourage associated with the open spectrum 
{H,~: n E Z} where H_~ = G~ for all n E w and Hn = X for all positive n E Z. 
Since ( jr ,~) --~ 0, there is z E X such that T~l(x) E Jr. Hence X\G,~ o E Jr for 
some no E w. We have reached a contradiction, because F,~ 0 E Jr. Therefore Jr has the 
countable intersection property. By closed completeness of X, ~" has a cluster point x. 
Thus ~ converges to z. We have shown that the quasiuniformity SC is D-complete. 
Corollary 3. The semicontinuous quasiuniformity f a countably metacompact space X 
is D-complete if and only if X is closed-complete. 
A Tl-space X is called developable (compare [14, Definition 1.3]) provided that there 
is a sequence (~n)n~ of open covers of X such that if x E X and G is an open set 
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containing x, then there is an n E co such that st(x, Gn) C G. A regular developable 
space is called a Moore space (see, e.g., [14, Definition 1.3]). 
Corollary 4. The semicontinuous quasiuniformity ofa developable space of nonmeasur- 
able cardinality is D-complete. 
Proof. Each developable space is submetacompact [33, Theorem 3]. Hence it is count- 
ably metacompact [13, Corollary 2.3] and by [1, Corollary 4.2] also closed-complete 
provided that it is of nonmeasurable cardinality. 
Example 2. The semicontinuous quasiuniformity of the well-known pseudocompact sep- 
arable Moore space k~ [12, 51] is D-complete, but it is not convergence omplete (see 
[5, Example 7]), since k~ is not almost realcompact. Observe also that the well-monotone 
quasiuniformity of g' is not D-complete according to Corollary 2. 
Problem. Is the fine quasiuniformity of each Moore space convergence omplete? 
Since a convergence omplete quasiuniformity is both D-complete and left K-complete 
and since the semicontinuous quasiuniformity of each regular almost realcompact space 
is convergence complete (see [7, Proposition 2.2]), we can still deduce the following 
result: 
Proposition 6. The semicontinuous quasiuniformity of each regular almost realcompact 
space is D-complete and left K-complete. 
Problem. For which topological spaces is the semicontinuous quasiuniformity left K- 
complete? 
4. D-complete quasimetrics 
Let X be a set. A function d from X x X into the nonnegative r als is called a 
quasimetric provided that for all x, y, z E X: (i) d(x, y) = 0 if and only if z = y and (ii) 
d(x,v ) < d(x ,z )+d(z ,y ) .  For any n E co set U d = {(x,y) E X x X: d(x,v) < 2-n}. 
Then {U~: n E w} is a base for a quasiuniformity/'/d on X. The topology T'(L/d) is said to 
be induced by d on X. Note that d -1 defined on X x X by d -1 (x, y) = d(y, x) whenever 
x, y E X is also a quasimetric on X. As usual, a quasimetric d is called strong provided 
that T(Hd) c T(Hd+_, ). A sequence (G,~)+,E~ ofcovers of a topological space X is said to 
be complete [11] provided that each filter U on X such that 5rN Gn ¢ ~ whenever n E co 
has a cluster point in X. We shall say that a quasimetric d on a set X is D-complete 
provided that the quasiuniformity Ud is D-complete. It is observed in [9, Corollary 4.4] 
that each metrizable space that admits a quasimetric d such that Hd is convergence 
complete is completely metrizable. In [28, Corollary 1.2] this result is strengthened and 
shown that each metrizable space that admits a left K-complete quasimetric d (which 
means that/'/d is left K-complete; compare [27, Lemma]) is completely metrizable. 
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In this section we shall establish that in metric spaces the property of D-completeness 
behaves differently. To this end the following terminology and conventions will be useful. 
A binary relation V on a topological space X is called a neighbornet [18] of X provided 
that V(z) is a neighborhood at x whenever x E X. It is called unsymmetric [18] if 
a, b E X,  a E V(b), b E V(a) imply that V(a) = V(b). As usual, for a collection 
of subsets of a topological space X and some x E X, ([ ')~)x denotes the set 
~{H E 7-t: x E H}. (We use the convention that N 0 = X.) 
Proposition 7. Suppose that a strongly quasimetrizable space X admits a D-complete 
quasimetric. Then X has a complete sequence of or-discrete closed covers. 
Proof. Let d be a compatible D-complete quasimetric on X and let n E ~v. Since X is 
strongly quasimetrizable, by [ 18, Theorem 4.4] there exists an unsymmetric neighbornet 
S~ of X such that S~ C (U~+ 1)2 C_ Un a. The relation S,~ N S~ -l is an equivalence r lation 
on X. By [18, Theorem 4.8], the partition {(Sn N S~I)(x): z E X} has a refinement 
~n = Uks~ Dnk such that each collection 7)nk is closed and iscrete in X. Suppose 
that or is a filter on X such that or A ~n ~ 0 for each n E w. Clearly (or, O r) --+ 0 on 
(X, Ha). Therefore ~ converges to z for some x E X by D-completeness. Hence the 
sequence (G,~)n~ of covers is complete. 
Proposition 8. Let (X, d) be a metacompact quasimetric space having a complete se- 
quence of or-discrete closed covers. Then (X, d) admits a D-complete quasimetric. 
Proof. Let (G,~)n~o be a complete sequence of closed covers of X where each 
Gn = Ukc~ ~,~k and every collection G,,k is discrete in X. (Without loss of gen- 
erality we can assume that ~n0 = 0 whenever n E w.) For each n,s  E ~v set 
F~s = U~=0(UG~k). Furthermore let T~ = {X \ Fns: s E w} whenever n E w. 
For n E w define a transitive neighbornet Tn on X by setting T,~(x) = (('1 T~)x when- 
ever x ~ X. Since X is metacompact, for each n, k E w there is a point-finite open 
collection Snk = {G(F): F E Gnk} such that F C_ G(F) whenever F E 9~k [30]; let 
ST~k be the neighbornet on X defined by Sn~(x) = (N S,~k)~ whenever x E X. For each 
= '~ T n S n E w set Hn U~ a fq Nk=0( k A [")t=0 tk) and consider a quasimeWic p on X that 
induces the quasiuniformity generated by {Hn: n E w} on X [10, Theorem 1.5]. We 
want to show that p is D-complete. Let or and ~ be filters on X such that (Y, ~) --+ 0 
in (X, Up). Without loss of generality we can suppose that or is a maximal closed filter 
on X. Fix n E w. There are F E ~" and G E ~ such that F x G c_ Tn. Choose g E G. 
There exists s E w such that 9 E X \ Fns, but 9 E Fns+l. Note that T~l(9) C_ F,~,+I 
and T~1(9) E or. It follows that there is k E s + 2, k ¢ 0 such that U~,~k E 5 r. 
Since (or,~) -+ 0, we find F '  E )r and G' E ~ such that F '  × G' c_ S~k. We can 
suppose that F '  C U G,~k. Let 9' E G'. Then F' C_ S~(9 '  ) and by the property of 
S~k, ~ ¢ D fq S~ (9') for only finitely many D E ~nk. Thus F '  C_ U E for some finite 
subcollection g of ~k .  We conclude that there is E E Gnk such that E E or. Since 
the sequence (~),~o~ is complete, we deduce that or has a cluster point. Therefore G 
converges. It follows that p is D-complete. 
H.-P.A. Kiinzi, S. Romaguera / Topology and its Applications 74 (1996) 61-72 69 
It is known that [19, Theorem 1] a metrizable space X admits a bicomplete quasimetric 
d (which means that the uniformity L4~ is complete) if and only if X has a complete 
sequence of covers that are closed and tr-discrete. In [19] the latter condition is shown 
to be equivalent to the property that the metrizable space X is an Fo~-set in each metric 
space in which it is embedded. 
Corol lary 5. A metrizable space admits a D-complete quasimetric if and only if it is an 
F~6-set in each metric space in which it is embedded. 
Example 3. It is straightforward to check that the space kv discussed above admits a 
D-complete strong quasimetric, although it is not metacompact (see, e.g., [32]). 
A quasimetric d on a set X is called weightable (see, e.g., [23]) provided that there 
exists a (weight) function [. I from X into the nonnegative reals satisfying d(x, y) + Ixl = 
d(y, x) + lYl whenever x, y C X. 
According to Corollary 5 the rationals equipped with their usual topology admit a D- 
complete quasimetric. Our next result shows that such a quasimetric annot be weightable. 
Proposit ion 9. A metrizable space that admits a D-complete weightable quasimetric is 
completely metrizable. 
Proof. The assertion is an immediate consequence of [28, Corollary 1.2] and the fol- 
lowing lemma. 
Lemma 1. Let (X, d) be a D-complete quasimetric space that is weightable by the 
weight[. I. Then (X, d) is left K-complete. 
Proof. Let (xn)n~ be a left K-Cauchy sequence in (X, d) (that is for each e > 0 there 
is no E ~ such that for all n, m C w satisfying no ~< n ~< m we have that d(xn, xm) < e; 
see, e.g., [22]). Note first that {[x,~l: n E ~} is bounded: There exists no E ~ such that 
d(xn,Xm) < 1 whenever n ,m E w and no ~< n <~ m. Thus 1 + ]xn0l > d(x~o,xm ) + 
Ix,~01 -- d(xm,X~o) + IXml /> Ix~l for each rn E w such that no <~ m. We conclude that 
there is a subsequence (Xnk)kC~ of (x,~)ne~ such that (nk)ke~ is strictly increasing and 
([xn~ I)ke~ converges in the reals (equipped with their usual topology). For each e > 0 
there is lo E w such that s, 1 E w and s >~ l ~> l0 imply that II Ix,~ I - I x ,~ ,  III < ~/2 
and d(xn~,Xn~) < e/2. Set d* = max{d,d- l} .  By the weight equality we see that 
d*(xn~,Xn,) < e whenever s,l E ~o and s, 1 ~> 10. Therefore (xn~)ke~ is a/g~-Cauchy 
sequence. Since d is D-complete, it follows that (xn~)ke~ converges in (X, d). Hence 
the left K-Cauchy sequence (Xn)n~ has a cluster point and thus converges in (X, d). 
We have shown that (X, d) is left K-complete (see [27]). 
At the end of this section we would like to answer two questions on completeness 
properties of quasimetric spaces posed by the second author in [28]. We shall prove 
that each (Tychonoff) Cech complete quasimetrizable space dmits a left K-complete 
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quasimetric and that a left K-complete quasimetric space need not admit any sequentially 
complete quasimetric. 
We first recall that a Tychonoff space X is Cech complete if and only if there exists 
a countable family (G,~)n~ of open covers of X such that whenever .T" is a family 
of closed subsets of X that has the finite intersection property and that contains for 
each n E w a member F~ with F~ C Gn for some G~ E ~,~, then ["l .T" is nonempty. 
A sequence (:c,~),~c,o in a quasimetric space (X, d) is said to be a Cauchy sequence 
provided that the filter fil{{:cn: rt E w, n >/ k}: k E ~o} is a Cauchy f i lter on (X, Ud). 
A quasimetric space (X, d) is called sequentially complete provided that each Cauchy 
sequence has a cluster point in X. 
As usual, a topological space is said to be scattered if each nonempty subspace has 
an isolated point (with respect o its subspace topology). 
Proposit ion 10. Each (Tychonoff) Cech omplete quasimetrizable space X dmits a left 
K-complete quasimetric. 
Proof. Let (Gb)be~ be a sequence of open covers of X witnessing Cech completeness. 
Furthermore let q be a compatible quasimetric on X. For each h E w set Vh = {(x, y) E 
X x X:  q(x, y) < 2-h}. Fix n E w. For each x E X choose G E G~ and s(n, x) E w 
such that Vs}n,z)(x ) C_ G. Set Enm = U{Vm(x): x E X, s(n,z) = m} whenever 
m E w. For each x E X let p(n,x) E a; be the minimal p E w such that x E E, w. 
rl ip(,~,~) Enk)). Let e be a quasimetric on X inducing Moreover set T• = U~cx({X} x ,~k=0 
the compatible quasiuniformity generated by the subbase {Vk n Tk: k E w} on X. We 
wish to show that e is left K-complete. Let 7-/ be a left K-Cauchy filter on (X,b/c). 
Fix e E w. There exists a E X such that Tc(a) E 7-/. Furthermore there is F E 7-/ such 
that Vp(c,a)(r) E ~ whenever E F. Since T~(a) N F E 7-l, there are m E w such that 
ra <~ p(c,a) and y E Ecru N F. Thus y E V,~(z) for some z E X with s(c,z) = m. 
Moreover there is G E ~ such that V~(~,~)(z) C G. Then Vm(y) E ~,  because y E F. 
Furthermore Vm(y) C_ G. By the completeness property of (Gb)bE~o we conclude that 
has a cluster point in X. Thus 7~ converges in X, because it is a left K-Cauchy filter. 
We have shown that e is left K-complete. 
Example 4. Let (X, d) be the quasimetric space considered in [24]. We refer the reader 
to [24] for the exact description of the space. For our purpose it suffices to know the 
following. Given is a specific quasimetric space (X, d) where the set X is the disjoint 
union of an infinite set Q and of c01; the points of wl are isolated and for any q E Q 
and x E X \ {q} we have that d(x, q) = 1. A function f : X --+ ]0, 1] is called "good" 
provided that f(:c) <~ f (y)  + d(x, y) whenever x, y E X. The set X is the (disjoint) 
union of the set X and the set F of all good functions defined on X. The quasimetric d
extends the quasimetric d to X. The points of F are isolated in Jr. For any x E X and 
f E F we set d(x, f )  = f(x)- 
We shall show here that (X, d) does not admit any sequentially complete quasimetric, 
although it possesses a left K-complete quasimetric. 
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Consider an arbitrary compatible quasimetric r on )(.  Let {qn: n E co} C_ Q, where 
the qn are chosen pairwise distinct. For each n E co find m,~ E co such that U f ,  (q~) C 
U~(qn). Define for each k E ~o, fk : X --+ ]0, 1] such that fk(qn) = 2 -(m'~+l) if k ) n 
and fk(q~)= 1 if n > k; furthermore set fk(x) = 1 if x E (X \ {q~: n E w}). We show 
that fk E X \ X whenever k E w. Suppose that x, y E X such that x ~ y. If fk (~/) ~ 1, 
then y E Q; thus d(x, y) = 1. It follows that each ft~ is "good". 
Suppose that for some x E X,  d(x, fk~) ~ 0 where (fk,)nE~ is a subsequence of 
(fk)ke~o. Then z E X and d'(z, fk , )  = fk,(x) --+ 0, a contradiction. On the other hand 
for any n E co, fk E Ugm,(qn) C U~(qn) if k ) n. Thus ( fk)k~, is a Cauchy sequence 
without cluster point in ()~, r). We have shown that X does not admit any sequentially 
complete quasimetric. However, since )(  is scattered, it follows from the next proposition 
that it admits a left K-complete quasimetric. 
Proposition 11. Each scattered quasimetrizable space X admits a left K-complete 
quasimetric. 
Proof. Consider a compatible quasiuniformity V with a countable base on X. We 
can suppose that X is enumerated as {x~: a < "7} such that each initial segment 
A~ = {x,~: a ~< /3} is open. Set T = U,~<v({x~,} x A,~). Let 7-/ be the compatible 
quasimetrizable quasiuniformity on X generated by V U {T}. Consider an arbitrary left 
K-Cauchy filter ~- on (X, 7-/). Let/30 < 7 be the minimal/3 < 3' such that T(cc~) c .T. 
Fix P E 7-/such that P C_ T. We can find y c T(x~n ) such that P(y)  E .T. If :ce0 ~ P(y) ,  
then P(y) N T(x~,,) C {x~: a < /30} and P(y) N T(x~o ) E Y. Thus there is a < /30 
such that T (xa)  E 5r - -a  contradiction. Therefore Z~o E P(y) C_ T(y). It follows that 
y = x~o and P(x~n ) ~ .T. We conclude that 9 c converges to xz0. Hence (X, 7-/) is left 
K-complete. 
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